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Solution to Problem Set 2 

 

1. (a) According to the given graph of 𝑓, we have 

𝑓(−2) = 1, lim
𝑥→−2−

𝑓(𝑥) = 3, lim
𝑥→−2+

𝑓(𝑥) = 4, 

𝑓(2) = 4, lim
𝑥→2−

𝑓(𝑥) = 2, lim
𝑥→2+

𝑓(𝑥) = 0. 

 

(b) (i) We have 

𝑔(0) = 𝑓(|0 − 2|) = 𝑓(2) = 4, 

lim
𝑥→0−

𝑔(𝑥) = lim
𝑥→0−

𝑓(|𝑥 − 2|) = lim
𝑡→2+

𝑓(𝑡) = 0, 

lim
𝑥→0+

𝑔(𝑥) = lim
𝑥→0+

𝑓(|𝑥 − 2|) = lim
𝑡→2−

𝑓(𝑡) = 2. 

 

(ii) We have 

ℎ(0) = 𝑓(|0| − 2) = 𝑓(−2) = 1, 

lim
𝑥→0−

ℎ(𝑥) = lim
𝑥→0−

𝑓(|𝑥| − 2) = lim
𝑡→−2+

𝑓(𝑡) = 4, 

lim
𝑥→0+

ℎ(𝑥) = lim
𝑥→0+

𝑓(|𝑥| − 2) = lim
𝑡→−2+

𝑓(𝑡) = 4. 

 

(iii)  Since the one-sided limits lim
𝑥→0−

𝑓(𝑥 − 2) = lim
𝑡→−2−

𝑓(𝑡) = 3  and lim
𝑥→0+

𝑓(𝑥 − 2) = lim
𝑡→−2+

𝑓(𝑡) = 4 

 are different, the limit lim
𝑥→0

𝑓(𝑥 − 2) does not exist. 

 Since the one-sided limits lim
𝑥→0−

𝑔(𝑥) = 0 and lim
𝑥→0+

𝑔(𝑥) = 2 are different, the limit lim
𝑥→0

𝑔(𝑥) does 

not exist either. 

 Since the one-sided limits lim
𝑥→0−

ℎ(𝑥) = 4 and lim
𝑥→0+

ℎ(𝑥) = 4  are the same, the limit lim
𝑥→0

ℎ(𝑥) 

exists and lim
𝑥→0

ℎ(𝑥) = 4. 

 

2. We consider the two one-sided limits separately. 

 

 

 

 

 

 

 

 As 𝑥 → 2−, we have 4 − 𝑥 → 2+, so from the graph we see that 𝑓(4 − 𝑥) → 1+. 

Thus 3 − 𝑓(4 − 𝑥) → 2−, and so from the graph again, we have 

lim
𝑥→2−

𝑓(3 − 𝑓(4 − 𝑥)) = 4. 

 On the other hand, as 𝑥 → 2+, we have 4 − 𝑥 → 2−, so from the graph we see that 𝑓(4 − 𝑥) → 4+. 

Thus 3 − 𝑓(4 − 𝑥) → −1−, and so from the graph again, we have 

lim
𝑥→2+

𝑓(3 − 𝑓(4 − 𝑥)) = 2. 

Now lim
𝑥→2−

𝑓(3 − 𝑓(4 − 𝑥)) ≠ lim
𝑥→2+

𝑓(3 − 𝑓(4 − 𝑥)), so lim
𝑥→2

𝑓(3 − 𝑓(4 − 𝑥)) does not exist.  
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3. Since lim
𝑥→0

ln(1+𝑥)

𝑓(𝑥)
= 1, we have 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

ln(1 + 𝑥)

ln(1 + 𝑥)
𝑓(𝑥)

 

=
lim
𝑥→0

ln(1 + 𝑥)

lim
𝑥→0

ln(1 + 𝑥)
𝑓(𝑥)

=
ln(1 + 0)

1
= 0. 

 

4. Since lim
𝑥→−1

𝑥3−𝑎𝑥2−𝑥+4

𝑥+1
 exists as a real number, we write lim

𝑥→−1

𝑥3−𝑎𝑥2−𝑥+4

𝑥+1
= 𝐿 where 𝐿 is a real number.  Then  

lim
𝑥→−1

(𝑥3 − 𝑎𝑥2 − 𝑥 + 4) = lim
𝑥→−1

𝑥3 − 𝑎𝑥2 − 𝑥 + 4

𝑥 + 1
⋅ (𝑥 + 1) 

= ( lim
𝑥→−1

𝑥3 − 𝑎𝑥2 − 𝑥 + 4

𝑥 + 1
) ( lim

𝑥→−1
(𝑥 + 1)) 

= (𝐿)(−1 + 1) = 0. 

But on the other hand we also have 

lim
𝑥→−1

(𝑥3 − 𝑎𝑥2 − 𝑥 + 4) = (−1)3 − 𝑎(−1)2 − (−1) + 4 = 4 − 𝑎. 

These imply that 4 − 𝑎 = 0, so 𝑎 = 4.  Now to find the limit, we factorize the numerator to get 

lim
𝑥→−1

𝑥3 − 4𝑥2 − 𝑥 + 4

𝑥 + 1
= lim

𝑥→−1

(𝑥 + 1)(𝑥 − 1)(𝑥 − 4)

𝑥 + 1
= lim

𝑥→−1
(𝑥 − 1)(𝑥 − 4) 

= (−1 − 1)(−1 − 4) = 10. 

 

5. We first note that 

𝑥2 + 𝑥 − 2 = (𝑥 + 2)(𝑥 − 1) {
≥ 0 if 𝑥 ∈ (−∞,−2] ∪ [1, +∞)

< 0 if 𝑥 ∈ (−2, 1)
. 

Thus 

|𝑥2 + 𝑥 − 2| = |(𝑥 + 2)(𝑥 − 1)| = {
(𝑥 + 2)(𝑥 − 1) if 𝑥 ∈ (−∞,−2] ∪ [1, +∞)

−(𝑥 + 2)(𝑥 − 1) if 𝑥 ∈ (−2, 1)
 

and so 

𝑓(𝑥) =
|𝑥2 + 𝑥 − 2|

𝑥 + 2
= {

𝑥 − 1 if 𝑥 ∈ (−∞,−2) ∪ [1, +∞)

−(𝑥 − 1) if 𝑥 ∈ (−2, 1)
. 

Therefore we have 

lim
𝑥→−2−

𝑓(𝑥) = lim
𝑥→−2−

(𝑥 − 1) = (−2) − 1 = −3, 

lim
𝑥→−2+

𝑓(𝑥) = lim
𝑥→−2+

−(𝑥 − 1) = −((−2) − 1) = 3, 

and since lim
𝑥→−2−

𝑓(𝑥) ≠ lim
𝑥→−2+

𝑓(𝑥), the limit lim
𝑥→−2

𝑓(𝑥) does not exist.  

When 𝑥 approaches 0 but 𝑥 ≠ 0, 

we have ln(1 + 𝑥) ≠ 0. 

Limits in numerator and denominator 

both exist, and the denominator limit 

is non-zero. 
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6. We consider the following cases. 

(i) If 𝑎 < −1, then 

lim
𝑥→𝑎

𝑓(𝑥) = lim
𝑥→𝑎

(𝑥2 + 1) = 𝑎2 + 1. 

(ii) If 𝑎 = −1, then since 

lim
𝑥→−1−

𝑓(𝑥) = lim
𝑥→−1−

(𝑥2 + 1) = (−1)2 + 1 = 2 

and 

lim
𝑥→−1+

𝑓(𝑥) = lim
𝑥→−1+

√𝑥 + 1 = √(−1) + 1 = 0 

are not equal, lim
𝑥→𝑎

𝑓(𝑥) = lim
𝑥→−1

𝑓(𝑥) does not exist. 

(iii) If −1 < 𝑎 < 1, then 

lim
𝑥→𝑎

𝑓(𝑥) = lim
𝑥→𝑎

√𝑥 + 1 = √𝑎 + 1. 

(iv) If 𝑎 = 1, then since 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

√𝑥 + 1 = √1 + 1 = √2 

and 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

2 sin
𝜋𝑥

4
= 2 sin

𝜋(1)

4
= 2 ⋅

1

√2
= √2, 

we have lim
𝑥→𝑎

𝑓(𝑥) = lim
𝑥→1

𝑓(𝑥) = √2. 

(v) If 𝑎 > 1, then 

lim
𝑥→𝑎

𝑓(𝑥) = lim
𝑥→𝑎

2 sin
𝜋𝑥

4
= 2 sin

𝜋𝑎

4
. 

 

7. We have 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

(𝑥3 + 𝑎) = 𝑎 

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0+

(𝑎 sin
𝜋𝑥

3
+ 𝑏) = 𝑎 sin 0 + 𝑏 = 𝑏 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2−

(𝑎 sin
𝜋𝑥

3
+ 𝑏) = 𝑎 sin

2𝜋

3
+ 𝑏 =

√3

2
𝑎 + 𝑏 

lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2+

log2 𝑥
𝑏+1 = log2 2

𝑏+1 = 𝑏 + 1. 

 

Since lim
𝑥→0

𝑓(𝑥) and lim
𝑥→2

𝑓(𝑥) both exist, we must have 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥)           and          lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2+

𝑓(𝑥). 

Therefore 

𝑎 = 𝑏          and          
√3

2
𝑎 + 𝑏 = 𝑏 + 1. 

On solving these equations, we easily get 

𝑎 = 𝑏 =
2

√3
. 
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8. The coordinates of the point 𝑃 are (𝑥, 𝑥2) in general, and the coordinates of the mid-point 𝑀 of the line 

segment 𝑂𝑃 are (
𝑥

2
,
𝑥2

2
).  Since the point 𝑄 always lies on the 𝑦-axis, its 𝑥-coordinate is always 0.  Now let’s 

denote the 𝑦-coordinate of 𝑄 by 𝑘(𝑥), which is a function of 𝑥.  Since 𝑄𝑀 ⊥ 𝑂𝑃, it follows that the product of 

the slopes of 𝑄𝑀 and 𝑂𝑃 equals −1, i.e. 

𝑘(𝑥) − 𝑥2/2

0 − 𝑥/2
⋅
𝑥2 − 0

𝑥 − 0
= −1. 

This implies that 

𝑘(𝑥) =
1 + 𝑥2

2
. 

As 𝑃 approaches the origin, i.e. as 𝑥 → 0, we have 

lim
𝑥→0

𝑘(𝑥) = lim
𝑥→0

1 + 𝑥2

2
=
1 + 02

2
=
1

2
. 

This means that the 𝑦-coordinate of 𝑄 approaches 
1

2
.  Therefore as 𝑃 approaches the origin, the point 𝑄 has 

a limiting position whose coordinates are (0,
1

2
). 

 

9. (a)  

lim
𝑥→1

𝑥6 − 1

𝑥 − 1
= lim

𝑥→1

(𝑥 − 1)(𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1)

𝑥 − 1
 

= lim
𝑥→1
(𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1) 

= 15 + 14 + 13 + 12 + 1 + 1 = 6. 

 

(b)  

lim
𝑥→−1

𝑥1013 + 1

𝑥 + 1
= lim

𝑥→−1

(𝑥 + 1)(𝑥1012 − 𝑥1011 + 𝑥1010 −⋯+ 𝑥2 − 𝑥 + 1)

𝑥 + 1
 

= lim
𝑥→−1

(𝑥1012 − 𝑥1011 + 𝑥1010 −⋯+ 𝑥2 − 𝑥 + 1) 

= (−1)1012 − (−1)1011 + (−1)1010 −⋯+ (−1)2 − (−1) + 1 

= 1013. 

 

(c) Let’s use the change of variable 𝑡 = 𝑥
1

6.  Then √𝑥
3

= 𝑡2 and √𝑥 = 𝑡3, and 𝑡 → 1 as 𝑥 → 1; so 

lim
𝑥→1

√𝑥
3 − 1

√𝑥 − 1
= lim

𝑡→1

𝑡2 − 1

𝑡3 − 1
= lim

𝑡→1

(𝑡 − 1)(𝑡 + 1)

(𝑡 − 1)(𝑡2 + 𝑡 + 1)
 

= lim
𝑡→1

𝑡 + 1

𝑡2 + 𝑡 + 1
=

1 + 1

12 + 1 + 1
=
2

3
. 

  



MATH1013  Calculus I  Problem Set 2 
L02, L10 (Fall 2025)   

Page 5 of 10 

(d)  

lim
𝑥→4

3𝑥√𝑥 + 5 − 12√𝑥 + 5

3 − √𝑥 + 5
= lim

𝑥→4
[
3(𝑥 − 4)√𝑥 + 5

3 − √𝑥 + 5
⋅
3 + √𝑥 + 5

3 + √𝑥 + 5
] = lim

𝑥→4

9(𝑥 − 4)√𝑥 + 5 + 3(𝑥 − 4)(𝑥 + 5)

32 − (𝑥 + 5)
 

= lim
𝑥→4

(𝑥 − 4)[9√𝑥 + 5 + 3(𝑥 + 5)]

4 − 𝑥
= lim

𝑥→4
[−9√𝑥 + 5 − 3(𝑥 + 5)] 

= −9√4 + 5 − 3(4 + 5) 

= −54. 

 

(e)  

lim
𝑥→1
(𝑥 − 1) cot 𝜋𝑥 = lim

𝑥→1

(𝑥 − 1) cos 𝜋𝑥

sin 𝜋𝑥
= lim

𝑥→1

𝑥 − 1

sin(𝜋 − 𝜋𝑥)
⋅ lim
𝑥→1

cos 𝜋𝑥 

= lim
(1−𝑥)𝜋→0

[
(1 − 𝑥)𝜋

sin(1 − 𝑥)𝜋
⋅
−1

𝜋
] ⋅ lim

𝑥→1
cos 𝜋𝑥 

= (1 ⋅
−1

𝜋
) ⋅ (−1) =

1

𝜋
 

 

(f) Since −1 ≤ sin
𝜋

𝑥
≤ 1 for every 𝑥 ≠ 0, we have 𝑒−1 ≤ 𝑒sin

𝜋

𝑥 ≤ 𝑒 for every 𝑥 ≠ 0 and therefore 

√𝑥2 + 𝑥3𝑒−1 ≤ √𝑥2 + 𝑥3𝑒sin
𝜋
𝑥 ≤ √𝑥2 + 𝑥3𝑒 

for every 𝑥 near 0 and 𝑥 ≠ 0 (for every 𝑥 ∈ (−1,+∞) ∖ {0}, to be precise).  Now since 

lim
𝑥→0

√𝑥2 + 𝑥3𝑒−1 =
1

𝑒
lim
𝑥→0
|𝑥|√1 + 𝑥 =

1

𝑒
⋅ 0 ⋅ 1 = 0 

and 

lim
𝑥→0

√𝑥2 + 𝑥3𝑒 = 𝑒 lim
𝑥→0
|𝑥|√1 + 𝑥 = 𝑒 ⋅ 0 ⋅ 1 = 0, 

by Squeeze Theorem we have 

lim
𝑥→0

√𝑥2 + 𝑥3𝑒sin
𝜋
𝑥 = 0. 

 

(g) Since −1 ≤ sin
1

𝑥
≤ 1 for every 𝑥 ≠ 0, we have −|𝑥| ≤ 𝑥 sin

1

𝑥
≤ |𝑥| for every 𝑥 ≠ 0.  Now since 

lim
𝑥→0

−|𝑥| = 0          and          lim
𝑥→0
|𝑥| = 0, 

by Squeeze Theorem we have 

lim
𝑥→0

𝑥 sin
1

𝑥
= 0. 

Therefore, 

lim
𝑥→0

𝑥2 sin
1
𝑥

sin 𝑥
= lim

𝑥→0
[(𝑥 sin

1

𝑥
) ⋅ (

𝑥

sin 𝑥
)] = (lim

𝑥→0
𝑥 sin

1

𝑥
) (lim

𝑥→0

𝑥

sin 𝑥
) = 0 ⋅ 1 = 0. 
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(h) We first consider the limit lim
𝑥→0

arctan 2𝑥

𝑥
 and use the change of variable 𝑡 = arctan 2𝑥.  Then 𝑥 =

1

2
tan 𝑡, and 

𝑡 → 0 as 𝑥 → 0; so 

lim
𝑥→0

arctan 2𝑥

𝑥
= lim

𝑡→0

𝑡

1
2
tan 𝑡

= lim
𝑡→0

(
𝑡

sin 𝑡
⋅ 2 cos 𝑡) = (lim

𝑡→0

𝑡

sin 𝑡
) (lim

𝑡→0
2 cos 𝑡) = 1 ⋅ 2 cos 0 = 2. 

Therefore 

lim
𝑥→0

arctan 2𝑥

sin 𝑥
= lim

𝑥→0
(
arctan 2𝑥

𝑥
⋅
𝑥

sin 𝑥
) = (lim

𝑥→0

arctan 2𝑥

𝑥
) (lim

𝑥→0

𝑥

sin 𝑥
) = 2 ⋅ 1 = 2. 

 

10. (a) Since 0 ≤ sin2 𝑥 ≤ 1 for every 𝑥 > 0, we have 

0 ≤
sin2 𝑥

𝑥2
≤
1

𝑥2
          for every 𝑥 > 0. 

Now lim
𝑥→+∞

0 = 0 and lim
𝑥→+∞

1

𝑥2
= 0, so by Squeeze Theorem we have 

lim
𝑥→+∞

sin2 𝑥

𝑥2
= 0. 

 

(b) Since −1 ≤ cos 𝑥 ≤ 1 for every 𝑥 > 1, we have 

𝑥 − 1

𝑥 − 1
≤
𝑥 + cos 𝑥

𝑥 − 1
≤
𝑥 + 1

𝑥 − 1
          for every 𝑥 > 1. 

Now 

lim
𝑥→+∞

𝑥 − 1

𝑥 − 1
= lim

𝑥→+∞
1 = 1       and       lim

𝑥→+∞

𝑥 + 1

𝑥 − 1
= lim

𝑥→+∞

1 + 1/𝑥

1 − 1/𝑥
=
1 + 0

1 − 0
= 1, 

so by Squeeze Theorem we have 

lim
𝑥→+∞

𝑥 + cos 𝑥

𝑥 − 1
= 1. 

 

(c)  

lim
𝑥→+∞

√𝑥 + √𝑥 + √𝑥

√𝑥 + 1
= lim

𝑥→+∞

√1 +
√𝑥 + √𝑥

𝑥

√1 +
1
𝑥

= lim
𝑥→+∞

√1 + √
1
𝑥
+

1
𝑥3/2

√1 +
1
𝑥

=
√1 + √0 + 0

√1 + 0
= 1 

 

(d)  

lim
𝑥→−∞

(√9𝑥2 + 3𝑥 + 1 + 3𝑥) = lim
𝑥→−∞

[(√9𝑥2 + 3𝑥 + 1 + 3𝑥) ⋅
√9𝑥2 + 3𝑥 + 1 − 3𝑥

√9𝑥2 + 3𝑥 + 1 − 3𝑥
] 

= lim
𝑥→−∞

(9𝑥2 + 3𝑥 + 1) − (3𝑥)2

√9𝑥2 + 3𝑥 + 1 − 3𝑥
= lim

𝑥→−∞

3𝑥 + 1

−𝑥√9 + 3/𝑥 + 1/𝑥2 − 3𝑥
 

= lim
𝑥→−∞

3 + 1/𝑥

−√9 + 3/𝑥 + 1/𝑥2 − 3
=

3 + 0

−√9 + 0 + 0 − 3
= −

1

2
 

Do not confuse lim
𝑥→+∞

sin𝑥

𝑥
 with 

lim
𝑥→0

sin 𝑥

𝑥
.  lim

𝑥→+∞

sin𝑥

𝑥
 is not 1. 
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(e) First note that with a change of variable 𝑡 =
1

𝑥
, we easily get lim

𝑥→+∞
𝑥 sin

1

𝑥
= lim

𝑡→0+

sin 𝑡

𝑡
= 1.  So, 

lim
𝑥→+∞

2𝑥𝑒𝑥 sin
1
𝑥
+ 𝑒𝑥 cos

1
𝑥

𝑒𝑥 + 𝑒−𝑥
= lim

𝑥→+∞

2𝑥 sin
1
𝑥
+ cos

1
𝑥

1 + 𝑒−2𝑥
=
2 ⋅ lim

𝑥→+∞
𝑥 sin

1
𝑥
+ lim
𝑥→+∞

cos
1
𝑥

1 + lim
𝑥→+∞

𝑒−2𝑥
 

=
2 ⋅ 1 + cos 0

1 + 0
= 3. 

 

(f) First note that 

lim
𝑥→+∞

(𝑥 − 𝑥6) = lim
𝑥→+∞

−𝑥6⏟
→−∞

(1 −
1

𝑥5
)

⏟      
→1

= −∞. 

Therefore with a change of variable 𝑡 = 𝑥 − 𝑥6, we have 

lim
𝑥→+∞

arctan(𝑥 − 𝑥6) = lim
𝑡→−∞

arctan 𝑡 = −
𝜋

2
. 

 

11. (a) After 𝑡 minutes, the total volume of liquid in the tank is (5000 + 25𝑡) L, and the total amount of salt in the 

 tank is (25𝑡)(30) g.  So the concentration of salt in the tank is 

𝐶(𝑡) =
(25𝑡)(30)

5000 + 25𝑡
=

30𝑡

𝑡 + 200
 

(in g/L). 

 

(b) We have 

lim
𝑡→+∞

𝐶(𝑡) = lim
𝑡→+∞

30𝑡

𝑡 + 200
= lim

𝑡→+∞

30

1 +
200
𝑡

=
30

1 + 0
= 30. 

Therefore as time passes, the concentration of salt in the tank will approach to a limit of 30 g/L. 

 

12. (a) Note that since 𝑚 and 𝛾 are both positive constants, we have lim
𝑡→+∞

𝑒−
𝛾

𝑚
𝑡 = 0.  Therefore, 

lim
𝑡→+∞

𝑣(𝑡) = lim
𝑡→+∞

(𝑢𝑒−
𝛾
𝑚
𝑡 +

𝑚𝑔

𝛾
(1 − 𝑒−

𝛾
𝑚
𝑡)) 

= 𝑢 ⋅ 0 +
𝑚𝑔

𝛾
(1 − 0) 

=
𝑚𝑔

𝛾
, 

which is a finite real number. 

 

(b) The terminal velocity 
𝑚𝑔

𝛾
 is independent of the initial velocity 𝑢 of the object. 
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13. (a)  

lim
𝑥→1−

(𝑓(𝑥) + 𝑔(𝑥)) = lim
𝑥→1−

(
2

𝑥2 − 1
+

1

𝑥 − 1
) = lim

𝑥→1−

2 + (𝑥 + 1)

(𝑥 − 1)(𝑥 + 1)
= lim

𝑥→1−

𝑥 + 3⏞  
→4

(𝑥 − 1)⏟    
→0−

(𝑥 + 1)⏟    
→2

= −∞. 

 

(b)  

lim
𝑥→1+

(𝑓(𝑥) + 𝑔(𝑥)) = lim
𝑥→1+

(
2

𝑥2 − 1
+

1

𝑥 − 1
) = lim

𝑥→1+

2 + (𝑥 + 1)

(𝑥 − 1)(𝑥 + 1)
= lim

𝑥→1+

𝑥 + 3⏞  
→4

(𝑥 − 1)⏟    
→0+

(𝑥 + 1)⏟    
→2

= +∞. 

 

(c)  

lim
𝑥→1−

(𝑓(𝑥) − 𝑔(𝑥)) = lim
𝑥→1−

(
2

𝑥2 − 1
−

1

𝑥 − 1
) = lim

𝑥→1−

2 − (𝑥 + 1)

(𝑥 − 1)(𝑥 + 1)
= lim

𝑥→1−

1 − 𝑥

(𝑥 − 1)(𝑥 + 1)
 

= lim
𝑥→1−

−1

𝑥 + 1
= −

1

2
. 

 

(d)  

lim
𝑥→1+

(𝑓(𝑥) − 𝑔(𝑥)) = lim
𝑥→1+

(
2

𝑥2 − 1
−

1

𝑥 − 1
) = lim

𝑥→1+

2 − (𝑥 + 1)

(𝑥 − 1)(𝑥 + 1)
= lim

𝑥→1+

1 − 𝑥

(𝑥 − 1)(𝑥 + 1)
 

= lim
𝑥→1+

−1

𝑥 + 1
= −

1

2
. 

 

14. (a)  

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

(
𝑓(𝑥)

𝑥
⋅ 𝑥) = (lim

𝑥→0

𝑓(𝑥)

𝑥
) (lim

𝑥→0
𝑥) = 5 ⋅ 0 = 0. 

 

(b) We have 

lim
𝑥→0−

𝑓(𝑥)

𝑥2
= lim

𝑥→0−

𝑓(𝑥)/𝑥⏞    
→5

𝑥⏟
0−

= −∞       but       lim
𝑥→0+

𝑓(𝑥)

𝑥2
= lim

𝑥→0+

𝑓(𝑥)/𝑥⏞    
→5

𝑥⏟
0+

= +∞, 

so lim
𝑥→0

𝑓(𝑥)

𝑥2
 does not exist. 

 

(c) We have 

lim
𝑥→0−

𝑓(𝑥)

𝑥3
= lim

𝑥→0−

𝑓(𝑥)/𝑥⏞    
→5

𝑥2⏟
0+

= +∞       and       lim
𝑥→0+

𝑓(𝑥)

𝑥3
= lim

𝑥→0+

𝑓(𝑥)/𝑥⏞    
→5

𝑥2⏟
0+

= +∞, 

so lim
𝑥→0

𝑓(𝑥)

𝑥3
= +∞.  
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15. (a) The domain of 𝑓 is ℝ ∖ {1, −1}. 

 Note that for every 𝑥 ∈ ℝ ∖ {1, −1} we have 

𝑓(𝑥) =
3𝑥5 + 3𝑥3

2𝑥4 − 2
=

3𝑥3(𝑥2 + 1)

2(𝑥 − 1)(𝑥 + 1)(𝑥2 + 1)
=

3𝑥3

2(𝑥 − 1)(𝑥 + 1)
, 

from which we obtain 

lim
𝑥→−1−

𝑓(𝑥) = −∞,      lim
𝑥→−1+

𝑓(𝑥) = +∞,       lim
𝑥→1−

𝑓(𝑥) = −∞,      lim
𝑥→1+

𝑓(𝑥) = +∞. 

Therefore the two lines 𝑥 = −1 and 𝑥 = 1 are both vertical asymptotes of the graph of 𝑓. 

 Using long division, the function 𝑓 can be rewritten as 

𝑓(𝑥) =
3𝑥5 + 3𝑥3

2𝑥4 − 2
=
3

2
𝑥 +

3𝑥3 + 3𝑥

2𝑥4 − 2
. 

Thus we have 

lim
𝑥→+∞

(𝑓(𝑥) −
3

2
𝑥) = lim

𝑥→+∞

3𝑥3 + 3𝑥

2𝑥4 − 2
= lim

𝑥→+∞

3
𝑥
+
3
𝑥3

2 −
2
𝑥4

=
0 + 0

2 − 0
= 0 

and similarly 

lim
𝑥→−∞

(𝑓(𝑥) −
3

2
𝑥) = 0; 

so the line 𝑦 =
3

2
𝑥  is a slant asymptote of the graph of 𝑓 .  The graph of 𝑓  has no horizontal 

asymptotes. 

 

(b) The domain of 𝑓 is ℝ ∖ {3}. 

 Since 

lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3−

2𝑥 + 𝑒𝑥

𝑥 − 3
= −∞       and       lim

𝑥→3+
𝑓(𝑥) = lim

𝑥→3+

2𝑥 + 𝑒𝑥

𝑥 − 3
= +∞, 

the line 𝑥 = 3 is a vertical asymptote of the graph of 𝑓. 

 Since 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→−∞

2𝑥 + 𝑒𝑥

𝑥 − 3
= lim

𝑥→−∞

2 +
𝑒𝑥

𝑥

1 −
3
𝑥

=
2 + 0

1 − 0
= 2, 

the line 𝑦 = 2 is a horizontal asymptote of the graph of 𝑓.  The graph of 𝑓 has no slant asymptotes. 
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16. For every 𝑥 > 0, we have 

𝑓(𝑥) − 𝑚𝑥 = [𝑓(𝑥) − (𝑚𝑥 + 𝑐)] + 𝑐 

and 

𝑓(𝑥)

𝑥
=
𝑓(𝑥) − (𝑚𝑥 + 𝑐)

𝑥
+
𝑚𝑥 + 𝑐

𝑥
=
𝑓(𝑥) − (𝑚𝑥 + 𝑐)

𝑥
+𝑚 +

𝑐

𝑥
. 

Thus if lim
𝑥→+∞

[𝑓(𝑥) − (𝑚𝑥 + 𝑐)] = 0, then 

lim
𝑥→+∞

(𝑓(𝑥) − 𝑚𝑥) = lim
𝑥→+∞

{[𝑓(𝑥) − (𝑚𝑥 + 𝑐)] + 𝑐} 

= lim
𝑥→+∞

[𝑓(𝑥) − (𝑚𝑥 + 𝑐)] + lim
𝑥→+∞

𝑐 

= 0 + 𝑐 = 𝑐 

and 

lim
𝑥→+∞

𝑓(𝑥)

𝑥
= lim

𝑥→+∞
(
𝑓(𝑥) − (𝑚𝑥 + 𝑐)

𝑥
+ 𝑚 +

𝑐

𝑥
) 

= lim
𝑥→+∞

𝑓(𝑥) − (𝑚𝑥 + 𝑐)

𝑥
+ lim
𝑥→+∞

(𝑚 +
𝑐

𝑥
) 

= 0 + (𝑚 + 0) = 𝑚. 


