MATH1013 Calculus | Problem Set 2
L02, L10 (Fall 2025)

Solution to Problem Set 2

1. (a) According to the given graph of f, we have
f(=2)=1, lim f(x) =3, lim_ f(x) =4,
x—>—=2" x—>-27%
f(2) =4, lim f(x) =2, lim f(x) =0.
x—27 x—2+

(b) (i) We have
g =f(0-2D)=f(2)=4
Jim g(x) = lim f(lx —2]) = lim f(t) =0,
lim g(x) = lim f(lx —2]) = lim f(t) = 2.

(i) We have
h(0) =f(I0] —2) = f(-2) =1,
lim h(x) = lim f(x|=2) = lim, f(0) = 4
lim k(o) = lim, f(1x| = 2) = lim, f(0) = 4.

(ili) ® Since the one-sided limits lim f(x —2) = lim f(t) =3 and lim f(x —2) = lim f(t) =4
x—0~ t—>-2" x—0+ t->-2%
are different, the limit lirré f(x — 2) does not exist.
X—
© Since the one-sided limits lirgl_g(x) =0 and 1ir51+g(x) = 2 are different, the limit lin(l)g(x) does
x- x— prae
not exist either.
® Since the one-sided limits lirgl_ h(x) =4 and li%l+ h(x) =4 are the same, the limit lir%h(x)
X xX— x—

exists and lirré h(x) = 4.
X—

2.  We consider the two one-sided limits separately.

® As x > 27,wehave 4—x — 2%, so from the graph we see that f(4 —x) - 17.
Thus 3 — f(4 — x) — 27, and so from the graph again, we have
,}Lr?—f@ -fd—x) =4
®© Ontheother hand, as x —» 2%, we have 4 —x —» 27, so from the graph we see that f(4 — x) - 4%.
Thus 3 — f(4 — x) = —17, and so from the graph again, we have
Jim f(3-f(4-x) =2,
Now lirgl_f(B —fl4 - x)) * 1ir§+ f(3 —f4- x)), so lirr; f(3 —f4- x)) does not exist.
xX— x> X—
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In(1+x)

3. Since lim =1, we have
x-0 f(x)
When x approaches 0 but x # 0,
i =1 In(1 + x) we have In(1+ x) # 0.
imf(x) =lim
x—»Of x-0 In(1 + x)
f(x)
Limits in numerator and denominator :
limIn(1 + x)
both exist, and the denominator limit — X—’Ol ( ) — ln(l +0) —
; . In(1+x 1
is non-zero. lim —— "~/
o0 [(X)
3_22_ 3 _gx2—
4. Since lim T2 *** oyists as a real number, we write lim X max x4 _ I where L isareal number. Then
x—>-1 x+1 xX—>— x+1

lim (x3 — ax? —x + 4) = i X oaxt —xtd +1
L

i x3—ax?—x+4 (1_ +1)
xirgl x+1 xirlll(x )
=L)(-1+1)=0.
But on the other hand we also have
liml(x3 —ax?—x+4)=(-1-a(-1)2-(-1)+4=4—a.
x—=
These imply that 4 —a = 0,s0 a = 4. Now to find the limit, we factorize the numerator to get

Cox3—4x?—x+4 (x+DE-Dx-—4)
lim = lim
x—>—1 x+1 x—-1 x+1

(-1-1)(-1-4) = 10.

= lim (x - D -4

5. We first note that

x2+x—2=(x+2)(x_1){20 ifx € (—00,~2] U [1, +o0)

<0 ifxe(-2,1)
Thus
Ix* +x =2 =[x+ 2)(x - )| = {—(?x++2§)(?x_—1i) e (If_ ;o é_(i]Zul[)L "
and so

|x? +x — 2| _{ x—1 ifx € (—o0,—2) U[1,+)

) =—775 (x—1) ifx € (—=2,1)

Therefore we have
lim f(x) = lim (x—1)=(-2)—-1=-3,
x—>—=2" x—>=2"
Jim, fG) = lim, ~@-D=—((-2-1) =3,

andsince lim_ f(x) # lim, f(x), thelimit lim f(x) does not exist.
xX-=2" x->-2"% x—>—2
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6. We consider the following cases.
(i) If a <—1,then
lim f(x) = lim(x? + 1) = a? + 1.
x—-a x—-a
(i) If a = —1, then since
lim f(x)= lim (x2+1)=(-1)2+1=2
x—->-1" x—>—1"

and

xl_}r_r}+f(x) = lim, Vx+1=,/(-D+1=0

are not equal, )lcl_r}lll flx) = xllrzllf(x) does not exist.
(i) If —1 <a < 1,then
lim £ (x) = lﬂm =Va+1.
(iv) If a =1, then since
fim £G) = Jim Vx +1=VI+1=V2
and
xli_)r%_f(x) = xlir{l)fZSin% = Zsing =2 % =2,
we have )lcll;l;lz flx) = }Cilr%f(x) =+/2.
(v) If a>1,then
na

X
lim f(x) = lim 2sin— = 2sin—.
x—a x—a 4 4

7. We have
i 00 = Jip (2 + ) =a
X
}}lrgl+f(x) = XIL%L (asin? + b) =asin0+b=>»b

) ) . X o 2m V3
xllgl_f(x) —J}Lrg_ (asm?+b) = asm?+b —7a+b

lim f(x) = lim log, x?*! = log, 2°*1 = b + 1.
x-2% x-27F

Since lirré f(x) and lirr21 f(x) both exist, we must have
X—> x>

lm fC) = lim f(x) and m fCo) = lim, fCo.

Therefore
V3
a=>»h and 7a+b=b+1.
On solving these equations, we easily get
b 2
a=b=—.
V3
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8. The coordinates of the point P are (x,x2) in general, and the coordinates of the mid-point M of the line
2
segment OP are (g,%) Since the point @ always lies on the y-axis, its x-coordinate is always 0. Now let’s

denote the y-coordinate of Q by k(x), which is a function of x. Since QM L OP, it follows that the product of
the slopes of QM and OP equals —1,i.e.

k(x)—xZ/Z.xZ—O_

-1
0—x/2 x—0

This implies that

1+ x?
k = .
(x) >

As P approaches the origin, i.e. as x = 0, we have

lim ko) = i 1+x* 140°
lim k() = lim =5 — =5 =

1
2 2
This means that the y-coordinate of Q approaches % Therefore as P approaches the origin, the point Q has

a limiting position whose coordinates are (O,%).

9. (a)

Coxb—-1 =D+t a4+ x?+x+1)
lim = lim
-1 x—1 x-1 x—1

=lin}(x5+x4+x3+x2+x+1)
X—

=154+1*+13+12+1+1=6.

(b)

lim & — lim (o + 1) (x1012 — (1011 4 41000 _ 4 42 _ o 4 1)
x--1 x+1 x--1 x+1
= xlirzll(x1012 _ x1011 + x1010 — et x2 — x4+ 1)
= (=1)1012 — (—1)1011 4 (—1)1010 _ .. 4 (—1)2 — (=1) + 1
= 1013.

1
(c) Let’s use the change of variable t = xs. Then x =t% and vx =t3,and t > 1 as x = 1;s0

. i/E—l_l_ tz—l_l_ t-DE+1)
A —1 A -1 - DER+t+1)

t+1 1+1 2

=1 = = -
N rt+1 124141 3
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(d)

3xVx+5—12vVx +5 " 3(x —4)Vx+5 3++Vx+5 I 9(x —4)Vx+5+3(x —4)(x +5)
= = lim

lim = lim . =1
x4 3—-Vx+5 >4 3—vx+5 3+Vx+5] x4 32 —(x+5)
x—4)|9Yx+5+3x+5
=lim( )[ ( )] = lim[—9\/x+5—3(x+5)]
x—4 4 — x x—4
=—-9V4+5—-3(4+5)
= —54,
(e)
)  (x—1)cosmx x—1 ]
lim(x — 1) cotmx = lim——— = lim——— - lim cos mx
x-1 x-1 sin x x-1sin(m — mx) x-1
. 1-xm -1
= lim |[———— —1|-limcosmx
a-vm-o |sin(l —x)r mw | x-1
-1 1
(1Y) en =1
T T
sinZ

(f) Since —1 < sin% <1 forevery x # 0,wehave e <e

JxZ+x3e < x2 + X3S < Vx2 + x3e

for every x near 0 and x # 0 (forevery x € (—1,4+) \ {0}, to be precise). Now since

x < e forevery x # 0 and therefore

1 1
lim+/x2 + x3e~! =Elirré|x|\/1 +x=--0-1=0
X—

x—0 e

and
lir%\/xz + x3e = elirr&lxlx/l +x=e-0-1=0,
xX— x—

by Squeeze Theorem we have

LT
lim+/x2 + x3e*"x = 0.

x—0

(g) Since —1< sini <1 forevery x # 0, we have —|x| < xsini < |x| forevery x # 0. Now since

lim—|x| =0 and lim|x| =0,
x—0 x—0
by Squeeze Theorem we have
1
lim x sin— = 0.
x—0 X

Therefore,

1
x?sin= 1 x 1 x
lim — X = lim [(x sin —) . (—)] = (limxsin—) (lim —) =0-1=0.
x-0 SInXx x—0 X sSin x x—0 X/ \x-0SInXx
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(h) We first consider the limit lin(l) Arctan 2% and use the change of variable t = arctan2x. Then x = %tan t, and
X
t—>0 as x - 0;so
. arctan2x t ) t . t .
lim = lim = lim <— -2 cos t) = (llm —) (llm 2 cos t) =1-2cos0 =2
x>0 X t>0l . to0\sint t->0sint/ \t-0
2
Therefore
arctan2x = arctan2x x . arctan 2x\ /. x
im - =11m< - — )z(hm—)(hm,—)zZ‘l:Z.
x>0 sinx x-0 x sin x x—0 x-0 Sin x

10. (a) Since 0 <sin®x < 1 for every x > 0, we have

sinx 1
— for every x > 0.
x

x2

Now lim 0 =0 and lim iz = 0, so by Squeeze Theorem we have

. sinx .
Xotoo Xotoo X Do not confuse XETOOT with

sinx

. . . sinx .
~ sin?x lim lim —= isnot 1.
lim =0. x-0 x x>t X

x>+ X

(b) Since —1 < cosx <1 forevery x > 1, we have

x—1 x+4+cosx x+1
< <
x—1 x—1 x—1

for every x > 1.

Now
I x—1 lim 1= g y x+1 1+1/x_1+0_1
it x — 1 xohe an cottox —1 xodwl—1/x 1-0
so by Squeeze Theorem we have
X + cosx
lim —— =
xX—+00 x—l
(c)
\/x+\/§ 1 1 1
x+x+Vx 1+——— T xt 1+v/0+0
lim —— = lim —— = lim = =
x—+00 Vx+1 x—+00 1 x—+00 1 1+0
1+= 1+=
x x
(d)
V9x?+3x+1—3x
lim( 9x2+3x+1+3x)= lim ( 9x2+3x+1+3x)-
x——00 x—=00 9x%+3x+1—-3x
o (9x%2+3x+1) — (3x)? ) 3x+1
= lim = lim
x>-0 \9x24+3x +1—3x == —xJ9+3/x+1/x% - 3x
3+1/x 340 1

om0 f94+3/x+1/x2—-3 —V9+0+0-3 2
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. . . 1 . . L1 . si
(e) First note that with a change of variable t = -, we easily get lim xsin-= lim sSnt_ . So,

X x—+o00 x t-ot t

1 1 ! 1 . 1 . 1

2xe*sin= + e* cos= 2xsin=4+cos= 2- lim xsm;+ lim cos

lim X = lim X X — xX—+00 X—+00
x—>+00 e*+e™* x—+00 1+e2x 1+ lim e2%
X—+00
2:1+4+cos0
- 1+0

(f) First note that

: 6 : 6 1

lim (x —x°) = lim —x°(1——) = —co.
X—+0o0 X—+00 ~—— X

=00 ~—
-1
Therefore with a change of variable t = x — x%, we have

. 6 . 7.[
lim arctan(x — x°) = lim arctant = ——.
x—+00 to—o 2

11. (a) After t minutes, the total volume of liquid in the tank is (5000 + 25t) L, and the total amount of salt in the

tankis (25t)(30) g. So the concentration of salt in the tank is

_ (255)(30) 30t

c®= 5000 + 25t ¢+ 200
(in g/L).
(b) We have
lim C(¢) = lim ———— = i 30 _ 30 =30
s ()_t—l>r+noot+200_t—l>£—nool+M_1+0_ '
t

Therefore as time passes, the concentration of salt in the tank will approach to a limit of 30 g/L.

Y
12. (a) Note thatsince m and y are both positive constants, we have tlir+n e m' = 0. Therefore,
—+00

Y m Y
lim v(t) = lim (ue_ﬁt + 9 (1 - e_ﬁt)>
t—+o t->+oo Y

m
=u-0+7g(1—0)

which is a finite real number.

(b) The terminal velocity % is independent of the initial velocity u of the object.
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13. (a)
-4
1 2+(x+1) x+3
Jim (fG) +9() = lim (= + =) = lim x—Dax+1) o x—DE+1)
o oz
(b)
—4
. . 1 24+ (x+1) ) x+3
Jim () +9(0) = lim <x2 1= 1) = T DarD ARG DD T
N -2
(c)
1 2—(x+1) 1—x
li — = li < ——>=l' —— = lim ————
Jim (f@) = g@)) = lim {5 - =) = lim G-Dx+1) st Gx—Dx+1)
o -1 _ 1
B x—gl‘x +1 2
(d)
. ) 2 1 . 2—(x+1) ) 1-—x
Jlim (£() —g(0) = lim <x2 1 x- 1) = T Da D ARG DT D
o -1 _ 1
- xl»r{l*x +1 B _E'
14. (a)
. . () VACAYS
Lli%f(x) = Ll_r)r(g(—-x = il_r)réT (Ll_r;l’(l)x) =5-0=0.
(b) We have
-5 -5
—_—— ———
 f o fl)/x S f)/x
lim = lim = —o00 but lim = lim = 400,
x-0" X x—0~ X x-0t x2 x—0t X
e i
so lim&;) does not exist.
x-0 X
(c) We have
-5 -5
tim £ _ i LOOX and tim £ _ i LX)
x-0~ x3 x>0~ X2 x—0+ x3 x-0+t  x2
o7 oF
so limM = 400,
x-0 X
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15. (a) Thedomainof f is R\ {1,—1}.
®© Note thatforevery x € R\ {1,—1} we have

3x° +3x% 3x3(x%2+ 1) 3 3x3
-2 20— DE+DE2+1) 2x-DHx+1)’

f&) =

from which we obtain

lim f(x) =-— lim_ f(x) = +oo, lim f(x) = —oo, lim f(x) = +oo.
x->-1" x—>-1t x—1~ x-1+
Therefore the two lines x = —1 and x = 1 are both vertical asymptotes of the graph of f.

®© Using long division, the function f can be rewritten as

3x>+3x3 3 3x3 + 3x

fe) = =7 ¥t oag

Thus we have

3,3
i <() 3)_1 3x3+3x_l_ §+F_O+O_O
x—lgloofx x _x—1>r+noozx4—2 _xlrfwz_i_z—o_
P

and similarly
3
lim (f(x) - —x) =0;
X—>—00 2

so the line yzgx is a slant asymptote of the graph of f. The graph of f has no horizontal

asymptotes.

(b) The domainof f is R\ {3}.
® Since

2x + e* 2x +e*
Jim f(x) = lim = and Jim, f(x) = lim, =+,

the line x = 3 is a vertical asymptote of the graph of f.

®© Since
ex
| i 2x +e* i 2"‘7_2+0_2
ximoof(X)— am ——— _x_l,r_nool_§_1__0— )
x

the line y = 2 is a horizontal asymptote of the graph of f. The graph of f has no slant asymptotes.

Page 9 of 10



MATH1013 Calculus | Problem Set 2
L02, L10 (Fall 2025)

16. Forevery x > 0, we have

fO) —mx =[f(x) —(mx+ )] +c

and

f(x)zf(x)—(mx+c)+mx+czf(x)—(mx+c)+m+£.
x x x x x

Thus if xlier[f(x) — (mx + ¢)] = 0, then
Jim (FG) = ma) = lim {[£C0) — (mx +0)] + ¢}
= Jim [£) = Gnx + )] + Jim ¢
=0+c=c

and

x—>+0o X X—+00

lim @ = lim <f—(x) —(mx +¢) +m+ E)
x x

x)—(mx+c c
o Or
xX—+00 X X—+00 X

0+(m+0)=m.
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